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Abstract—Linear Discriminant Analysis (LDA) has been a and video data. The multimedia data are typically of very
popular method for extracting features which preserves class high dimensionality, ranging from several thousands t@ssv
separability. The projection functions of LDA are commonly pnqreds of thousand. Learning in such high dimensionility
obtained by maximizing the between class covariance and si- . . . - .
multaneously minimizing the within class covariance. It has many c.ases.ls almostllnfea3|ble. Thus_, 'eaf_”ab'“t}/ Netekss
been widely used in many fields of information processing, such dimensionality reduction. Once the high-dimensional data
as machine learning, data mining, information retrieval, and mapped into lower-dimensional space, conventional imdgxi
pattern recognition. However, the computation of LDA involves schemes can then be applied.
dense matrices eigen-decomposition which can be computation- one of the most popular dimensionality reduction algo-
ally expensive both in time and memory. Specifically, LDA has ith is Li Discrimi t Analvsis (LDA) 18], [101. LDA
O(mnt + t*) time complexity and requires O(mn + mt + nt) rnthms 1s Linear |scr|.m|nan nalysis ( ) [8], [10]. .
memory, where m is the number of samples,n is the number S€arches for the project axes on which the data points of
of features andt = min(m,n). When both m and » are large, different classes are far from each other while requiringada
it is infeasible to apply LDA. In this paper, we propose a novel points of the same class to be close to each other. The
algorithm for discriminant analysis, called Spectral Regression  q5timga| transformation (projection) of LDA can be computed

Discriminant Analysis (SRDA). By using spectral graph analysis, . . . .
SRDA casts discriminant analysis into a regression framework by applying an eigen-decomposition on the scatter matoées

which facilitates both efficient computation and the use of the given training data. LDA has been widely used in many
regularization techniques. Specifically, SRDA only needs to solve applications such as text processing [24], face recognitio
a set of regularized least squares problems and there is no[1]. However, the scatter matrices are dense and the eigen-
eigenvector computation involved, which is a huge save of both decomposition could be very expensive in both time and

time and memory. Our theoretical analysis shows that SRDA . . .
can be computed withO(ms) time and O(ms) memory, where memory for high dimensional large scale data. Moreover, to

s(< n) is the average number of non-zero features in each 9et a stable solution of LDA, the scatter matrices are reguir
sample. Extensive experimental results on four real world data to be nonsingular which is not true when the number of
sets demonstrate the effectiveness and efficiency of our algim.  features is larger than the number of samples. Some adalition

Index Terms—Linear Discriminant Analysis, Spectral Regres- Preprocessing stepe.¢, PCA, SVD) are required to guarantee

sion, Dimensionality Reduction the non-singularity of scatter matrices [1], [25] whichther
increase the time and memory cost. Therefore, it is almost
. INTRODUCTION infeasible to apply LDA on large scale high dimensional data

. . . . . In this paper, we propose a novel algorithm for discriminant
Dimensionality reduction has been a key problem in many : ) S .
. analysis, calledSpectral Regression Discriminant Analysis

fields .Of mfor.matlon processing, SUCh.".’lS data mining, i SRDA). SRDA is essentially developed from LDA but has
formation retrieval, and pattern recognition. When data ate " . .
. . ) : . significant computational advantage over LDA. Benefit from

represented as points in a high-dimensional space, one !
. . . recent progresses on spectral graph analysis, we analyge LD
often confronted with tasks like nearest neighbor search. . . . g
Many methods have been proposed to index the data for. o graph embedding point of view which can be traced
Y brop ack to [15]. We show how the LDA solution can be obtained

- *
fast query response, such ds-D tree, It tree, Ii* tree, m/ solving a set of linear equations which links LDA and

etc [11]. However, these methods can only operate Wiclass;ical regression. Our approach combines the spectyath
small dimensionality, typically less than 100. The effeetiess 9 X PP P g

and efficiency of these methods drop exponentially as tﬁ\galyss and regression to prow_de an efficient and effectiv
agproach for discriminant analysis.

dimensionality increases, which is commonly referred to a The points below highlight the contributions of this paper:

the “curse of dimensionality”. The classical LDA i I vzed f h
During the last decade, with the advances in computer® € classica IS Well analyzed Irom a new graph em-
bedding point of view. The singularity issue in classical

technologies and the advent of the World Wide Web, there . . .

has been an explosion in the amount of digital data be- LDA is clearty _analyzed and we show how various kinds

ing generated, stored, analyzed, and accessed. Much of this of LDA extensionse.g, two-stage PCA+LDA approaph

information is multimedia in nature, including text, image .[1] and LDA/GSVD approaches [16][25], can be unified
in a SVD+LDA framework.

D. Cai and J. Han are with the Department of Computer Sciendeetsity « The projective functions obtained by those classical LDA

of ||Ii_nois at Urb_ana Chan_"lpaign, 2_01 N. Goodwin Ave., Urbahap1801. approaches and LDA/GSVD approaches are optimal with
Email: {dengcai 2, hanj }@s. ui uc. edu. h biecti f . H . I
X. He is with Yahoo!, 3333 Empire Ave., Burbank, CA 91506. Emalil respect to the objective function. However, In sma

hex@ahoo- i nc. com sample size situation, these solutions tend to over-fit the



training data, and thus may not be optimal on the test set.

The regularized solution of LDA usually achieves better

TABLE |
NOTATIONS

performance. Notations | Descriptions
s . m the number of total training data points
A new approach for discriminant analysis based on n the number of features
the graph embedding formulation of LDA is developed, c the number of classes
which is calledSpectral Regression Discriminant Anal- mg ;ne F‘tuhmdbif of datta points ik-th class
ysis (SRDA). In SRDA, the transformation vectors are G euth caa point.
btained b Vi £ i . bl xE. ) the i-th data point in thé:-th class
obtained by solving a set of linear regression problems u the total sample mean vector
which can be very efficient. Since it contains regression p) the mean vector of thé-th class
as a building block, SRDA provides a natural framework §§ :pe i;q Centtt%r_ed data poink{ = x; — u)
. . P . e data matrix
for regularlzeddlscnrrynant analysis. ' . % the centered data matrix
LDA has O(mnt + t°) time complexity and requires Sy the between-class scatter matrix
O(mn + mt + nt) memory, wherem is the number of Séw tne Withlin-dass scatter matrix
. . t the total scatter matrix
samplesp is the number of featyrg—:s .amd: mm(m, n). N the transformation vector
When bothm andn are large, it is infeasible to apply A the transformation matrix

LDA. On the other hand, SRDA can be computed with

O(ms) time andO(ms) memory, wheres(< n) is the

average number of non-zero features in each sampleglt the within-class scatter matrix ans}, the between-class
can be easily scaled to very large high dimensional dadgatter matrix.

sets. Define S; = > (x;i — p)(x; — p)T as the total scatter

« For binary classification problgm, LDA has been ShIOWﬁhatrix and we haveS; = S, +5,, [10]. The objective function
to be equivalent to the regression [14]. We extend this rgf | DA in Eqn. (1) is equivalent to

lation to multi-class case. With regression as the building

block, various kinds of regularization techniques can be a’ Sya

o : ) F = . 4
easily incorporated in SRDAe(g, L,-norm regularizer a arg;nax al' S;a “)
to produce sparse projections [3]). - . _

« Our algorithm may be conducted in the original spac\é{)hent.l prfcuec:!ve fufnfg?o\nsA _b[alf:tlt ,&] are needed, the
or in the reproducing kernel Hilbert space (RKHS) ing@PIective Tunction o can be written as
which data points are mapped. This gives an efficient . tr(ATS,A)
algorithm for Kernel Discriminant Analysis [2]. AT = arg max (5)

tr(ATS,A)’
The remainder of the paper is organized as follows. In . L )
Section 2, we provide a brief review of LDA and its variantVheretr() denotes matrix trace. The optimization problem in
extensions. Section 3 gives a detailed analysis of LDA from&fl- (5) is equivalent to find thé eigenvectors of following
graph embedding point of view. Section 4 introduces our pr@éneralized eigen-problem associated with maximum eigen-
posedSpectral Regression Discriminant Analysifgorithm, Values:
The extensive experimental results are presented in $€estio
Finally, we provide some concluding remarks in Section 6.

Spa = \S;a. (6)

Since the rank ofS;, is bounded by — 1, there are at most
c¢—1 eigenvectors corresponding to non-zero eigenvalues [10].
To get a stable solution of the above generalized eigen-
LDA seeks directions on which the data points of differefiroblem,S; is required to be nonsingular which is clearly not
classes are far from each other while requiring data pointsteue when the number of features is larger than the number
the same class to be close to each other. Suppose we ha®é samples. In the past few decades, various approaches have
set of m samplesxy, Xa, - - - , X, belonging toc classes. The been proposed to solve this problem. One of the most well
objective function of LDA is as follows: know approaches is to perform dimensionality reduction in
two stages. LDA is performed after another stage of dimensio
(1) reduction. Some popular methods for the first stage include
Principle Component Analysis (PCA) and Singular Value De-
. composition (SVD). Both Swetst al [23] and Belhumeuet
Sy = ka(u(k') _ #)(M(k) — w7, 2) al. [1] have utilized PCA+LDA for face recognition. Torkkola
=1 [24] implemented SVD+LDA for document classification. All
these approaches use the LDA objective function in Eqgn. (1).
Since the rank of5,, is bounded from above by: — ¢ [1],
the PCA (SVD) step should reduce the dimension to at most
m — C.
wherep is the total sample mean vectory, is the number  Recently, Howlanet al. [16] solved the singularity problem
of samples in thé:-th classu®) is the average vector of theof LDA by using Generalized Singular Value Decomposition
k-th class, andxgk) is thei-th sample in thé:-th class. We call (GSVD). They rewrite the LDA objective function as the

Il. A BRIEFREVIEW OF LDA

a’'S,a
ar's,a’

a" = arg max
a

Sw = i <§(X§k) - ll‘(k))(xgk) - ’l‘(k))T> ’ (3)

k=1 \i=1



following equivalent form: whereW ) is am;, x m;, matrix with all the elements equal

_ T 1/ 4T to l/mk.
A= arginaxw (4TS A) 71 (AT 5, 4) Let X = [X(), ... X(©)] which is the centered data matrix

which can be solved by the GSVD algorithm. One limitatiodnd define an x m matrix W as:
of this method is the high computational cost of GSVD, we o ... 0
especially for large and high-dimensional data sets. I [#5 0o WwW® ... 0
extended such approach by solving the optimization problem W = : . _ : )
using simultaneous diagonalization of the scatter matrice : : e

Another way to deal with the singularity df,, is to apply 0 o W
the idea of regularization, by adding some constant valoeswe have
the diagonal elements &f,,, asS,, +al, for somea > 0. Itis c
easy to see thaf,,+al is nonsingular. This approach is called Sy = Z XPwE (XN = xWwxT. (8)

Regularized Discriminant Analysis (RDA) [9], [13]. Howeye k=1
the Sy, + A\l is a very large dense matrix for high-dimensional.. _ SooT
data which incurs a high computational cost on directly isgjv aémcest = XX7, we have
the eigen-problem in Egn (6). By noticing that the eigen- Sy =288, =X(I-W)XT=XLX". 9)
decomposition of5,, + a1 is the sum of eigen-decomposition ) )
of S, andal, Ye et al. [27] developed an efficient algorithm to!f We take thelV as the edge weight matrix of a gragh
compute the projective functions of RDA. The computationdl’i; 1S the weight of edge joining verticésand j. W;; = 0
cost of this approach will be comparable to those two sta{fiicates there is no edge between verticesd ;. Thus L =
PCA+LDA approaches. — W is calledgraph Laplacian [7].

The computation of all the above LDA extensions involves We have
the SVD decomposition of the data matrix, which is com- rank(Sy) = rank(XXT) < rank(X) < min(m — 1,n).
putationally expensive in both time and memory for high
dimensional large scale data sets. In some applicatiens ( SinceS, is size ofn x n, in the case oh > m, S, is singular
text processing), the data matrix is sparse which can be ditd the eigen-problem of LDA in Egn. (6) can not be stably
into the memory even with a large number of both samples asalved. With the new formulation &f,, it is clear that we can
features. However, the singular vector matrices are dengs, use SVD to solve this singularity problem.
may not be able to be fit into the memory. In this case, all theseSupposerank(X) = r, the SVD decomposition ok is
LDA approaches can not be applied. To solve this problem, Ye

et al. proposed a new algorithm called IDR/QR in which QR X=vsv’ (10)
decomposition is applied rather than SVD [26]. Experimen{ghere s = diag(oy,--- ,0.) andoy > 09 > - > 0, > 0
on some data sets showed that IDR/QR is much more efficige the singular values of, U = [u;,--- ,u,] € R"*" and
than LDA and achieves comparable performance as LDA\s are called left singular vector¥, = [vy, - - - ,v,] € R™*"

[26]. However, there is no theoretical relation between thghdy,’s are called right singular vectors.
optimization problem solved by IDR/QR and that of LDA. It gypstitutingX in Eqn. (5), we get

is not clear under what situation IDR/QR can achieve similar - . r
or even better performance than LDA. A* = arg max tr(ATUSV WVEU™ A)

A tr(ATUSVIVSUTA)

I1l. COMPUTATIONAL ANALYSIS OF LDA . o ) "
In this section, we provide a computational analysis of LDAWe_ proceed to variable modification usiig = XU A and

Our analysis is based on a graph embedding viewpoint of LOK"

Ty T
which can be traced back to [15]. We start from analyzing the B* = arg max tr(BV TWVB) ,
between-class scatter matiy. B tr(BT B)
Let X; = X; — p denote the centered data point ai€") = and the columns ofB* are the eigenvectors of 7 WV
%{", - ,%\)] denote the centered data matrix/eth class. associated with the non-zero eigenvalues.
We have After we getB*, the A* can be obtained by solving a set of
Z ) k) - linear equations systen3/” A = B*. By noticing that given
Sp = mr(® — w)(u® —p) U and B*, there will be infinitely many solutions o which
k=1

satisfies this equations systénmmong all these solutions,

c 1 mi 1 mg T
k k -1
=> m (mk >, Uz)) (mk > )#)> AT =Us B (11)
k=1 i=1 " =1
c my my 1A subtlety needs to be addressed here. The graph Laplaciactually
— Z L Z %) Z(X(k))T defined asl, = D — W, whereD is a diagonal matrix with it§i, i)-element
B my v v equals to the sum of theth column (or row, sincéV is symmetric) ofiV.
k=1 =1 i=1 With the W defined in Egn. (7), we can easily sée= I.
L k B) ¢ S (T 2Unlessn < m andrank(X) = n. In this caselJ will be an orthogonal
= ZX( 774 )(X( )) matrix and there is a unique solution of equatib/” A = B* which is
1 exactly UL —1B*.



is obviously one of them and can be used as the transformatiorsince there are at most— 1 projective functions in LDA,
matrix of LDA. we do not need to compute all the eigenvectors/fivV .
Since X has zero mean, the SVD of is exactly the same The following trick can be used to save computational cost.
as the PCA ofX, and therefore the same as the PCA dive denote thé-th row vector ofV asz;, which corresponds
X. Our analysis here justifies the rationale behind two-stage the data pointx;. Let zZ(.k) denote the row vector o/
PCA+LDA approach. The Fisherface approach [1] keeps which corresponds toxl(’“). Define v(*) — %Ziiﬂgk) and
mostm—c dimension in the PCA step to malég, nonsingular, f — [\/[p(M ... /[w(©)] € R¥*c. We have
thus may lose some useful information. Our analysis shows

that based on the modified but equivalent LDA objective ¢ b Lk
function in Eqn. (4), we can keep all the non-zero eigenalue VIwy =" i <Z 2" Z(ng))T>
in the PCA step which avoids information loss. k=1 =1 i=1
By using this transformation matrix*, the features in the _ ilk () ()T (13)
reduced space are uncorrelated to each other. We have the =

following theorem:

Theorem 1:Let A be the transformation matrix of LDA
calculated in Eq. (11). The original feature vectaks is It is easy to check that the left singular vectors &f
transformed intd” = A" X, where thei-th feature component (column vectors of/) are the eigenvectors of X7 and the
of Y (i-th row of Y) is denoted ay;, y; = X"a;. Thus,y; right singular vectors off (column vectors ofi’) are the
andy; are uncorrelated, for any ;. eigenvectors ofX” X [22]. Moreover, if U or V is given,

Proof: Let v; = mearfy;) = u" & ande be the vector of then we can recover the other via the formild’ = UY
all ones, it is sufficient to provgy, —ev;)" (y; — ev;) =0, andUTX = 2V, In fact, the most efficient SVD decompo-
for i # j. We have sition algorithm (i.e.cross-product applies this strategy [22].

(v, — )T (y; — evy) Specifically, ifm > n, we compute the eigenvectors &X 7,
: o / which gives usU and can be used to recovet, If m < n,

=HHT

_ T T T T T . = = . .

= ({( a — e a) (X a —eu” &) we compute the eigenvectors &f” X, which gives us/’ and
= (XTa)"(XTq) can be used to recovér. Since the matrix is of sizer x c,

= a'XXTa, wherer is the rank ofX andc is the number of classes. In

most of the cases; is close tomin(m,n) which is far larger

- aLTUEVTVEUTaj thanc. Thus, comparing to directl(y calgulate the eigenvectors
= bib; =0, (i#}) of HHT, compute the eigenvectors & H then recover the
eigenvectors off HT can achieve a significant saving. The
computational approach described here is exactly iddrttica
the ULDA approach in [25].

e use the terrflam [21], a compound operation consisting
of one addition and one multiplication, to measure the opera
tion counts. Whenn > n, the calculation ofX X7 requires

A. Computational Complexity of LDA Lmn? flam; Computing the eigenvectors of X7 requires

9,3 . . . 2
Now let us analyze the computational complexities of LDA2"" flam [22]’,[12],’ Reco"e””QV from U requiresmn
am by assuming- is close tomin(m,n); Computing thec

The main computation of LDA is solving the generalized® ; . 4
: ke g g eigenvectors off H” requiresinc® +2¢3 +nc? flam; Finally,
eigen-problem: - , 2 T2
calculatinga’s from b’s requiringn“c. Whenm < n, we have

XwWXTa=XXX"a. (12) the similar analysis. We conclude that the time complexity o
LDA measured by flam is

The last equation holds sintg’s are eigenvectors af 7 WV
[12]. [ |
In this sense, this SVD+LDA approach described above c
also be called Uncorrelated LDA (ULDA) [25].

Suppose we have the SVD decompositionXohown in Egn.
(10), we have St + 2+ 342 D e

_ _ _ 2 2 2 2
XwWXxTa= XX"a , L . :
T T . wheret = min(m, n). Considering: < ¢, the time complexity
=UZV WVEUa= \UZLU a of LDA can be written asimnt + $t* + O(t?).
:>2*1UTU2Vva<2UTa> = /\zflUTUz(zUTa) For the memory requirement, we need to stafe U, V
. anda’s. All sum together is
=V WVb=Xb

L . . t t
whereb = UTa andV € R™*" is right singular matrix of i nt i en

X. The above algebraic steps show that the LDA projective t is clear that LDA has cubic-time complexity with respect
functions can be obtained through the following three stepgg min(m,n) and the memory requirement @3(mn). When
1) SVD decomposition of to getU, V and ¥. both m andn are large, it is not feasible to apply LDA. In
2) Computingb’s, the eigenvectors of 7V . the next section, we will show how to solve this problem with
3) Computinga= UX"'h. the new formulation ofS;.



IV. SPECTRALREGRESSIONDISCRIMINANT ANALYSIS straightforward to show that’(*) has eigenvectag*) ¢ R™*
In order to solve the LDA eigen-problem in Eqn. (12jSsociated with eigenvalue 1, wheeé”) = [1,1,---,1]".
efficiently, we use the following theorem: Also there is only one non-zero eigenvalueldf*) because

of W with the same eigenvalue 1. These eigenvectors are

Wy = \y (14) .
B yk:[07"'70717"'717 ()7...7(] ] k:L...’C (17)
with eigenvalue). If X7a =y, thena is the eigenvector of ;/1—’ T ZT'—’
i=1 ™ i=k+1

eigen-problem in Eqgn. (12) with the same eigenvalue
Proof: We havelVy = )\y. At the left side of Egn. (12), Since 1 is a repeated eigenvalue 10f, we could just pick
replaceX”a by y, we have any otherc orthogonal vectors in the space spanned iy},
S— - o . = o and define them to be oureigenvectors. Notice that, in order
XWX a=XWy=X\y=AXy=AXX"a to guarantee there exists a vectowhich satisfies the linear
Thus,a is the eigenvector of eigen-problem Eqn. (14) with th@quations systenX”a =y, y should be in the space spanned
same eigenvalug. m by the row vectors ofX. Since Xe = 0, the vector of all
Theorem 2 shows that instead of solving the eigen-proble?fiese is orthogonal to this space. On the other hand, we can
Eqn. (12), the LDA basis functions can be obtained througt@sily see that is naturally in the space spanned fy; } in
two steps: Eqgn. (17). Therefore, we pick as our first eigenvector df/
1) Solve the eigen-problem in Egn. (14) to get and use Gram-Schmidt process to orthogonalize the rengainin
2) Find a which satisfiest”a = . In reality, sucha may €genvectors. The vectercan then be removed, which leaves
not exist. A possible way is to find which can best fit US exactlyc—1 eigenvectors of’, we denote them as follows:

the equation in the least squares sense: {Vk}illp (yre=o0, szyj =0, i #j) (18)
m
a:argminZ(aT)_(i—zji)Q (15) In two-class case, the above procedure will produce one
P} response vector:
wherey; is thei-th element ofy. y=[m/my,- - ,m/my,—m/ma,---,—m/my |T. (19)

The advantages of this two-step approach are as follows:

1) We will show later how the eigen-problem in Eqn. (14
is trivial and we can directly get those eigenvectprs

2) Comparing to all the other LDA extensions, there is n
dense matrix eigen-decomposition or SVD decompositi

involved. There exist many efficient iterative algorithms . .
Th two-st h tiall th -
(e.0, LSQR [19]) that can handle very large scale Iea§|1 e above two-step approach essentially combines the spec

bl Theref the two-st h al analysis of the graph matri¥” and regression technique.
squares problems. theretore, he two-step approac Cﬁ’{%refore, we named this new approactspsctral Regression
be easily scaled to large data sets.

N ) Discriminant AnalysigSRDA). It is important to note that our
In the situation that the number of samples is smaller th%’fbproaoh can be generalized by constructing the graphxmatri

the number of features, the minimization problem (15)llis 17 in the unsupervised or semi-supervised way. Please see [4],
posed We may have infinite many solutions for the Iinea[5]' [6] for more detalils.

equations systenX “a = y (the system is underdetermined).

The most popular way to solve this problem is to imposeﬁ h cal Analvsi
penalty on the norm o&: - Theoretical Analysis

miy ma

)rhis is consistent with the previous well-known result oa th
relationship between LDA and regression for binary problem
4]. Our approach here extends this relation to multislas

m In the following discussiongj is one of the eigenvectors in
a = arg min Z (a'x; — gji)z + allal? (16) Ean. (18).
a Pl The regularized least squares problem of SRDA in Eqn. (16)

This is so called regularization and is well studied in stats. can be rewritten in matrix form as:

The regularized least squares is also called ridge regressi a = arg min (()"(Ta_ y)T(XTa_ y) + aaTa> . (20)

[14]. The o > 0 is a parameter to control the amounts of a

shrinkage. Now we can see the third advantage of the twiRequiring the derivative of right side with respecta@anish,

step approach: we get

3 Since the regression was used as a building block, the

regularization techniques can be easily incorporated and
produce more stable and meaningful solutions, especially
when there exist a large amount of features [14].

Now let us analyze the eigenvectorsldf which is defined When o > 0, this regularized solution will not satisfy the
in Egn. (7). ThelV is block-diagonal, thus, its eigenvalues antinear equations systenX”a = y and a is also not the
eigenvectors are the union of the eigenvalues and eigergeceigenvector of the LDA eign-problem in Eqgn. (12). It is
of its blocks (the latter padded appropriately with zerdis)s interesting and important to see the relationship betwhen t

(XXT + aI)a — Xy
21
= a= (X)‘(Maf)’l)‘(y &



projective function of ordinary LDA and SRDA. Specifically,If we append a new element “1” to eadl, the scalara’ u

we have the following theorem: can be absorbed inta and we have
Theorem 3:If y is in the space spanned by row vectors m

of X, the corresponding projective functian calculated in arg{nin Z((aI)TX/i — i)’

SRDA will be the eigenvector of eigen-problem in Eqgn. (12) =

asa deceases to zero. Therefoaayill be one of the projective where botha’ and x; are (n + 1)-dimensional vectors. By

function of LDA. using this trick, we can avoid the computation of centered

Proof: See Appendix A. m data matrix which can save the memory a lot for sparse data

When the number of features is larger than the number @focessing.

samples, the sample vectors are usually linearly indepgnde Given a set of data points;, - - - ,x,,, € R™ which belong

i.e., rank(X) = m. In this case, we have a stronger conclusiol® ¢ classes. Letn; denote the number of samples in theh

which is shown in the following corollary. class §~;_, mi = m). The algorithmic procedure of SRDA
Corollary 4: If the sample vectors are linearly independents as follows.

i.e., rank(X) = m, all thec—1 projective functions in SRDA 1) Responses generatian_et

will be identical to those of ULDA described in Section Il as _ T _
yk_[()’...7()’17...717 0,---,0 ] k—l,-~-,c
o deceases to zero. —_— ——— ———
Proof: See Appendix B. ] Yisimi ME o X
It is easy to check that the values of thi¢h and j-th andy, = [1,1,--- ,1]” denotes a vector of all ones. Take

entries of any vectoy in the space spanned Hy, } in Eqgn.
(17) are the same as long a&s and X; belong to the same
class. Thus the-th andj-th rows ofY are the same, where

Y, as the first vector and use Gram-Schmidt process to
orthogonize{y, }. Sincey, is in the subspace spanned
by {y.}, we will obtainc — 1 vectors

Y =Yy, - ,Y._1]). Corollary (4) shows that when the sample
vectors are linearly independent, the 1 projective functions
of LDA are exactly the solutions of the— 1 linear equations 2) Regu|arized least SquaresAppend a new element “1” to

systemsX”a, = y,. Let A = [a,--- ,a._1] be the LDA eachx; which will be still denoted as; for simplicity.
transformation matrix which embeds the data points into the Find ¢ — 1 vectors {ak,}c—l e R"*!, whereay, is the

k=1
LDA subspace as: solution of regularized least squares problem:

ax = argmin (Z(aTXi -5+ a||a|2> (22)

a i=1

b2l Gfye =0, yIy; =0, i # )

ATX = AT(X +pe") = YT + ATpe’.

The columns of matri%’” +A” ue” are the embedding results _

of samples in the LDA subspace. Thus, the data points with Wheregjz’?_ is thei-th element ofy,..

the same label are corresponding to the same point in the LDA) Embedding to ¢ — 1 dimensional subspaceThe ¢ — 1

subspace when the sample vectors are linearly independent. Vectors{a;} are the basis vectors of SRDA. Let =
These projective functions are optimal in the sense of (@17 :@-—1] whichis a(n+1) x (¢ —1) transforma-

separating training samples with different labels. Howeve 10N matrix. The samples can be embedded into 1

they usually overfit the training set thus may not be able to dimensional subspace by

perform well for the test samples, thus the regularizat®n i w7 AT [ X ]

necessary. 1

C. Computational Complexity Analysis

In this section, we provide a computational complexity

Notice that, we need first to calculate the centered ds#8alysis of SRDA. Our analysis considers both time complex-
matrix X in the algorithm. In some applicationg.¢, text ity and memory cost. The terrflam a compound operation
processing), the data matrix is sparse which can be fit ift@nSISting of one .addmon and one multiplication, is used f
the memory even with a large number of both samples aREESenting operation counts [21].
features. However, the center data matrix is dense, thus may "€ computation of SRDA involves two steps: responses
not be able to be fit into the memory. Before we give th@eneration and_ regularized least squares. The cost of_ the
detailed algorithmic procedure of SRDA, we present a tridiSt step is mainly the cost of Gram-Schmidt method, which

to avoid the center data matrix calculation first. requires(mc? — 3¢*) flam andme + > memory [21].
We have: We have two ways to solve the-1 regularized least squares

problems in Egn. (22):
« Differentiate the residual sum of squares with respect to
components ofa and set the results to zero, which is
the textbook way to minimize a function. The result is a
linear system called theormal equationg21], as shown
in Egn. (21)

B. The Algorithmic Procedure

m
arg min Z(aT)’(i —5;)?
a =

m
= argmin Z(aTXz‘ —alp—7;)?
a =



TABLE Il
COMPUTATIONAL COMPLEXITY OF LDA AND SRDA

Algorithm operation countsflam [21]) memory
LDA %mnt + gt‘3 mn + nt + mt
Solving normal equations imnt + §3 mn + t2
SRDA
: ! ’ dense 2kemn mn
Iterative solution with LSQR Sparse STcms T 5ken TESCETOL
m: the number of data samples n: the number of features
t: min(m, n) c¢: the number of classes
k: the number of iterations in LSQR
s: the average number of non-zero features for one sample

« Use iterative algorithm LSQR [19]. 2) Iterative Solution with LSQRThe LSQR is an iterative
These two approaches have different complexity and v@gorithm designed to solve large scale sparse linear iemsat
provide the analysis below separately. and least squares problems [19]. In each iteration, LSQBsee

1) Solving Normal EquationsAs shown in Eqn. (21), the to compute two matrix-vector products in the form%p and

normal equations of regularized least squares problem in E§ " g. The remaining work load of LSQR in each iteration
(22) are is 3m + 5n flam [18]. Thus, the time cost of LSQR in each

(XXT +ala, = Xy, (23) iteration is2mn + 3m + 5n. If LSQR stops aftek iterations,
. . N the total time cost is:(2mn + 3m + 5n). LSRQ converges
The calculation of XX requires;mn” flam and the cal- \ery fast [19]. In our experiments, 20 iterations are enough

culation ofc —1 Xy, requirescmn flam. Since the matrix sjnce we need to solve— 1 least squares problems, the time
XXT + ol is positive definite, it can be factored uniquelysost of SRDA with LSQR is

in the form XX* + oI = RTR, where R is upper tri-
angular with positive diagonal elements. This is so called k(c —1)(2mn + 3m + 5n),

Cholesky decomposition and it requirgs?® flam [21]. With i h can be simplified agkemn + O(m) + O(n).

this Cholesky decomposition, the— 1 linear equations can  pgagides storing¥, LSQR needsn + 2n memory [18]. We

be solved withinen? flam [21]. Thus, the computational COStheed to store they,. Thus, the memory cost of SRDA with
of solving regularized least squares by normal equations iSLSQR is:

1 1 .
§mn2 + cmn + 6713 + en?. mn +m+2n +cn

which can be simplified asin + O(m) + O(n).

Whenn > m, we can further decrease the cost. In the \yhen the data matrix is sparse, the above computational
proof of Theorem 3, we used the concept of pseudo inversgs; can be further reduced. Suppose each sample has around
of a matrix [20], which is denoted &s)*. We have [20]: only s < n non-zero features, the time cost of SRDA with

Xt =1lim (XX +al) ' X7 = lim X(XXT +al)"'. LSQR is2kesm + Sken + O(m) and the memory cost is

a—0 a—0 sm+ (24 c)n+ O(m).
Thus, the normal equations in Eqn. (23) can be solved by3) Summary:We summarize our complexity analysis re-
solving the following two linear equations systems when sults in Table Il, together with the complexity results of AD
decreasing to zero: For simplicity, we only show the dominant part of the time
(XTX + al)c, = ¥, and memory costs. The main conclusions include:

(24) « SRDA (by solving normal equations) is always faster than
3 = XCy LDA. It is easy to check that whem = n, we get the
The cost of solving: — 1 linear equations system in Eqn. (24) maximum speedup, which is 9.
is 1 1 o« LDA has cubic-time complexity with respect to
Znm2 4+ Zm? + em? + emn. min(m,n). When bothm and n are large, it is not
2 6 feasible to apply LDA. SRDA (iterative solution with

Finally, the time cost of SRDA (including the responses | SQR) has linear-time complexity with both andn. It

generation step) by solving normal equations is: can be easily scaled to high dimensional large data sets.
me? — 103 n lmnt e 4 1753 bt e In many high dimensional d_atg processing tasks text
3 2 6 : processing, the data matrix is sparse. However, LDA

wheret = min(m, n). Considering: < t, this time complex- needs to calculate centered data mathix which is
ity can be written a%mnt + 143 1 0(#2) + O(mn) dense. Moreover, the left and right singular matrices are
G )

We also need to stor&, XX (or X7X), y, and the also dense. When bottn andn are large, the memory

solutions a,. Thus, the memory cost of SRDA by solving limit will restrict the ordinary LDA _algorithms €.9,
normal equations is: PCA+LDA, ULDA, RLDA) to be applied.

« On the other hand, SRDA (iterative solution with LSQR)
mn + t* + me + nc can fully explore the sparseness of the data matrix and



TABLE Il

gain significant computational saving on both time and STATISTICS OF THE FOUR DATA SETS

memory. SRDA can be successfully applied as long as—qamset size (n) | dimensionality ) | # of classesd)
the data matrixX can be fit into the memory. PIE 11560 1024 68

o Even the data matrixX is too large to be fit into the Isolet 6237 617 26
memory, SRDA can still be applied with some reasonable MNIST 4000 784 10
disk 1/0. This is because in each iteration of LSQR, we20Newsgroup|| 18846 26214 20

only need to calculate two matrix-vector products in the
form of Xp and X”q, which can be easily implemented
with X and X7 stored on the disk. around 200 samples of each digit in both training and test
sets. A random subset witlt= 30, 50, 70, 100, 130, 170)
samples per digit from training set are selected for
training.

The popular 20 Newsgroupsis a data set collected
and originally used for document classification by Lang
[17]. The “bydate” version is used in our experiment.
The duplicates and newsgroup-identifying headers are
removed which leaves us 18,846 documents, evenly dis-
tributed across 20 classes. This corpus contains 26,214
distinct terms after stemming and stop word removal.
Each document is then represented as a term-frequency
vector and normalized to 1. A random subset with

5%, 10%, 20%, 30%, 40%, 50%) samples per category are

V. EXPERIMENTAL RESULTS

In this section, we investigate the performance of our ,
proposed SRDA algorithm for classification. All of our ex-
periments have been performed on a P4 3.20GHz Windows
XP machine with 2GB memory. For the purpose of repro-
ducibility, we provide our algorithms and data sets used in
these experiments at:

http://www.cs.uiuc.edu/homes/dengcai2/Data/data.ht

A. Datasets

Four data sets are used in our experimental study, including selected for training and the rest are used for testin
face, handwritten digit, spoken letter and text databatks. 9 9:

important statistics of these data sets are summarizedvbelo The first three data sets_have relatively smaller numbers of
(see also Table Ill): features and the data matrices are dense. The last datasset ha

. The CMU PIE face databaseontains 68 subjects with a very large number of features and the data matrix is sparse.

41,368 face images as a whole. The face images were .

captured under varying pose, illumination and expressidi; Compared algorithms

We choose the five near frontal poses (C05, C07, C09,Four algorithms which are compared in our experiments are
C27, C29) and use all the images under different illumlisted below:

nations and expressions, thus we get 170 images for eact) Uncorrelated LDA (ULDA)[25], which was also analyzed
individual. All the face images are manually aligned and  in Section .

cropped. The cropped images &® x 32 pixels, with  2) Regularized LDA (RLDA) [9]. Solving the singularity
256 gray levels per pixel. The features (pixel values) are problem by adding some constant values to the diagonal
then scaled to [0,1] (divided by 256). For each individual,  elements ofS,,, as S,, + al, for somea > 0. In [27],

I(= 10,20, 30, 40, 50, 60) images are randomly selected Ye et al. proposed an efficient algorithm to compute the
for training and the rest are used for testing. solution of RLDA.

« The Isolet spoken letter recognition datalfasentains 3)
150 subjects who spoke the name of each letter of the
alphabet twice. The speakers are grouped into sets of)
30 speakers each, and are referred to as isoletl through
isolets. For the purposes of this experiment, we chose

Spectral Regression Discriminant Analysis (SRDA), our
approach proposed in this paper.

IDR/QR [26], a LDA variation in which QR decomposi-
tion is applied rather than SVD. Thus, IDR/QR is very
efficient.

isolet 1&2 which contain 3120 examples (120 exampl&ge compute the closed form solution of SRDA (by solving
per class) as the training set, and test on isolet 4&prmal equations) for the first three data sets and use LSQR
which CO.nFamS. 31'17 examples (3 example is mISSIng_deg] to get the iterative solution for 20Newsgroup. The -iter
to the difficulties in recording). A random subset wittytion number in LSQR is set to be 15. Notice that there is
I(= 20,30,50,70,90,110) examples per letter from the 3 parameten. which controls smoothness of the estimator in
isolet 1&2 were selected for training. both RLDA and SRDA. We simply set the value afas 1,

« The MNIST handwritten digit databaSkas a training set gng the effect of parameter selection will be discussed. late
of 60,000 samples (denoted as set A), and a testing set of

10,000 samples (denoted as set B). In our experiment, pe
take the first 2,000 samples from the set A as our training o )
set and the first 2,000 samples from the set B as our testl N€ classification error rate as well as the the running

set. Each digit image is of siz28 x 28 and there are time (second) of computing the projection functions forteac
method on the four data sets are reported on the Table«(1V

XI) respectively. These results are also showed in the Eigur

Results

Shttp://www.ri.cmu.edu/projects/projeet18.html
4http://www.ics.uci.edutmlearn/MLSummary.html

Shitp://yann.lecun.com/exdb/mnist/ Shttp://people.csail.mit.edu/jrennie/20Newsgroups/



TABLE IV TABLE VIII
CLASSIFICATION ERROR RATES ONPIE (MEAN+STD-DEV%) CLASSIFICATION ERROR RATES ONMNIST (MEAN+STD-DEV%)
Train Size ULDA RLDA SRDA IDR/QR Train Size ULDA RLDA SRDA IDR/QR
10x68 31.8+1.1 | 19.14+1.2 | 19.5£1.3 | 23.1+£1.4 30x10 481415 | 23.4:1.4 | 23.6£1.4 | 26.8£1.6
20x 68 20.5£0.8 | 10.9£0.7 | 10.8+0.7 | 16.0+1.1 50x10 73.3£2.2 | 21.5+1.2 | 21.9+1.2 | 26.14+1.7
30x 68 10.940.5 | 8.7/+0.7 8.4+0.7 | 13.40.8 70x10 62.1£7.3 | 20.4£0.9 | 20.8+0.8 | 24.9+1.1
40x 68 8.2+0.4 7.2£0.5 6.9+0.4 | 11.9+0.6 100x 10 43.143.3 | 19.5£0.5 | 19.40.5 | 24.40.7
50x68 7.2+04 | 6.6£0.4 | 6.3:0.4 | 11.4-0.7 130x10 455+9.7 | 18.8:0.5 | 19.0+0.6 | 24.2-0.9
60x 68 6.4+£0.3 | 6.0£0.3 | 5.7/+0.2 | 10.8:0.5 170x10 38.4-8.0 | 18.1+0.3 | 18.5£0.5 | 24.0+0.6
TABLE V TABLE IX
COMPUTATIONAL TIME ON PIE (S) COMPUTATIONAL TIME ON MNIST (S)
Train Size || ULDA | RLDA | SRDA | IDR/QR Train Size || ULDA | RLDA | SRDA | IDR/QR
10x68 4291 | 4.725 | 0.235 0.126 30x10 0.389 | 0.817 | 0.035 0.023
20x 68 7.626 | 7.728 | 0.685 0.244 50x10 1.645 | 1.881 | 0.092 0.042
30x 68 7.887 | 7.918 | 0.903 0.359 70x10 2.341 | 2.429 | 0.180 0.062
40x68 8.130 | 8.178 | 1.126 0.488 100x10 2498 | 2.622 | 0.268 0.154
50x 68 8.377 | 8.414 | 1.336 0.527 130x10 2528 | 2.673 | 0.317 0.168
60x68 8.639 | 8.654 | 1.573 0.675 170x10 2.636 | 2.713 | 0.379 0.211
% —4A— ULDA 10 —4A— ULDA 8
- _ s s 70 - _ P
. N “ R N
25 IDRIQR|{ E / —A— ULDA S IDRIQR|| E 2 —&A— ULDA
© 5 6 —&— RLDA @ 50 E —&—RLDA
IS S —+— SRDA o S 15 —+— SRDA
s g 4 IDRIQR <) g IDRIQR
w g— w g 1‘
§ 2 o 8 o5
s % % e of TP —
10 20 30 40 5 60 10 20 30 40 50 60 30 50 70 100 130 17C 30 50 70 100 130 170
Training number per class Training number per class Training number per class Training number per class
Fig. 1. Error rate and computational time as functions of nunabéabeled Fig. 3. Error rate and computational time as functions of nunabéabeled
samples per class on PIE. samples per class on MNIST.
TABLE VI TABLE X
CLASSIFICATION ERROR RATES ONISOLET (MEAN=£STD-DEV%) CLASSIFICATION ERROR RATES ON2ONEWSGROUPS(MEAN£STD-DEV%)
Train Size ULDA RLDA SRDA IDR/QR Train Size ULDA RLDA SRDA IDR/QR
20x 26 541415 | 9.4+0.4 | 9.5+£0.5 | 11.4£0.5 5% 28.0+0.6 — 27.3:0.5 | 33.0+£0.9
30x26 27.+1.0 | 8.3+0.6 | 8.4+0.7 | 10.2+0.7 10% 22.+0.6 — 21.3t0.5 | 29.0+0.4
50x26 11.4£0.6 | 7.5£0.3 | 7.5+0.3 | 9.3£0.4 20% — — 16.0£0.3 | 25.94-0.4
70x 26 8.9+0.4 | 7.0£0.3 | 7.1+0.3 | 8.9+0.3 30% — — 13.8+0.2 | 25.2£0.4
90x 26 7.8£0.3 | 6.7£0.2 | 6.8+:0.2 | 8.5+0.3 40% — — 12.4+0.2 -
110x 26 7.2+0.2 | 6.5+0.1 | 6.6+:0.2 | 8.3+0.2 50% — — 11.4+0.2 —
TABLE VII TABLE XI
COMPUTATIONAL TIME ON ISOLET(S) COMPUTATIONAL TIME ON 20NEWSGROUPS(S)
Train Size || ULDA | RLDA | SRDA | IDR/QR Train Size || ULDA | RLDA | SRDA | IDR/QR
20x26 1.351 | 1.403 | 0.096 0.056 5% 61.84 — 16.47 5.705
30x26 1.629 | 1.653 | 0.148 0.059 10% 224.9 — 19.23 11.77
50x 26 1.764 | 1.766 | 0.204 0.092 20% — — 22.93 20.18
70x26 1.861 | 1.869 | 0.265 0.134 30% — — 26.84 32.75
90x 26 1.935 | 1.941 | 0.322 0.177 40% - — 31.24 —
110x26 2.007 | 2.020 | 0.374 0.269 50% — — 36.51 —
16 —A— ULDA 2 g » —A— ULDA 20 —A— ULDA
—6&—RLDA || & o —*%—SRDA || & —%— SRDA
1 ——sroA || g | & —A—ULDA s < 200 ——— IDRIQR
S —— IDRIQR|| E ™~ —&—RLDA S £
o 3 —+— SRDA S 25 Z 150
§ S 1 IDR/QR © s
8 g 820 € 100
[in} g = £
S 15 8 s0
620 30 50 70 90 110 20 30 50 770 90 110 10 5% 10% 20% 30% 40% 50% 0 5;/010% 20% 30% 40% 50%

Training number per class

Training number per class

Training sample ratio

Training sample ratio

Fig. 2. Error rate and computational time as functions of nunalbdéebeled Fig. 4. Error rate and computational time as functions of nunolbéabeled
samples per class on 20Newsgroup.

samples per class

on Isolet.
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(1 ~ 4). For each giveri (the number of training samples pemparameter selection is not a very crucial problem in SRDA

class), we average the results over 20 random splits andt re@dgorithm.

the mean as well as the standard deviation.

The main observations from the performance comparisons VI. CONCLUSIONS
include: In this paper, we propose a novel algorithm for discriminant
« Both ULDA and RLDA need SVD decomposition of theanalysis, calledSpectral Regression Discriminant Analysis

data matrix. They can be applied whenin(m,n) is (SRDA). Our algorithm is developed from a graph embedding
small (the first three data sets). The 20Nesgroups hédswpoint of LDA problem. It combines the spectral graph
a very large number of features (= 26214). ULDA analysis and regression to provide an efficient and effectiv
needs the memory to store the centered data matrix aapproach for discriminant analysis. Specifically, SRDAyon!
the left singular matrix, which are both dense and witheeds to solve a set of regularized least squares problems
size ofm x n [25]. With the size of training sampler{) and there is no eigenvector computation involved, which is
increases, these matrices can not be fit into memory anchuge save of both time and memory. To the best of our
ULDA thus can not be applied. The situation of RLDAknowledge, our proposed SRDA algorithm is the first one
is even worse since it needs store a left singular matmshich can handle very large scale high dimensional data for
with size ofn x n [27]. The IDR/QR algorithm only need discriminant analysis. Extensive experimental results\stiat
to solve a QR decomposition of matrix with sizeok ¢ our method consistently outperforms the other state-efeit
and an Eigen-decomposition of matrix with size< ¢, LDA extensions considering both effectiveness and effiien
wherec is number of classes [26]. Thus, IDR/QR is very
efficient. However, it still needs to store the centered data APPENDIXA
matrix which can not be fit into memory when boih PROOF OFTHEOREM 3
andn are large (In the case of using more than 40%  Proof: Supposerank(X) = r, the SVD decomposition
samples in 20Newsgroups as training set). SRDA onbf X is
needs to solve: — 1 regularized least squares problems X =uxvT (25)
which make it almost as efficient as IDR/QR. Moreover, . e ser
it can fully explore the sparseness of the data matrix affrere > = diag(oy,---,0), U € RV, V € R and

Trr T, N
gain significant computational saving on both time anfy® haveU"U = V'V = I. The_y'ls'ln the space spanned
memory. by row vectors ofX, therefore,y is in the space spanned

. The ULDA seeks the projective functions which are’ column vectors ofl’. Thus,y can be represented as the
optimal on the training set. It does not consider thénear combination of the column vectors Bt Moreover, the

possible overfitting in small sample size case. RLDA a %omblna_ltlon Is unique because the colgmn_ vectorytﬁre
SRDA are regularized versions of LDA. The Tikhonor\)'nearly independent. Suppose the combination coeffisiarg

regularizer is used to control the model complexity. 101 " by Letb = by, b,]", we have:

all the test cases, RLDA and SRDA are significantly Vb=y = VTvbh =VvTy

better than ULDA, which suggests that over-fitting is a - b=VvTy

very crucial problem which should be addressed in LDA o o

model. = VViy=y (26)

« Although IDR/QR is developed from LDA idea, there isTo continue our proof, we need to introduce the concept of
no theoretical relation between the optimization problefseudo inverse of a matrix [20], which we denote (as .
solved by IDR/QR and that of LDA. In all the four dataSpecifically, pseudo inverse of the matfix can be computed
sets, RLDA and SRDA significantly outperform IDR/QR by the following two ways:

« Considering both accuracy and efficiency, SRDA is the

i . X+ — VE*IUT
best choice among four of the compared algorithms. It
provides an efficient and effective discriminant analysignd
solution for large scale data sets. Xt =1lim(X"X +al) ' X"
a—0

The above limit exists even K7 X is singular and X7 X)~!
does not exist [20].

The a > 0 is an essential parameter in our SRDA algo- Thus, the regularized least squares solution of SRDA
rithm which controls the smoothness of the estimator. We

—1
empirically set it to be 1 in the previous experiments. Irsthi a = (XXT + aI) Xy
subsection, we try to examine the impact of parametem 0 N
the performance of SRDA. = (X)7y

Figure (5) shows the performance of SRDA as a function = Uxvly
of the parametew. For convenience, the X-axis is plotted agompined with Eqn. (26), we have
a/(1 4+ «) which is strictly in the interval0, 1]. It is easy to o -
see that SRDA can achieve significantly better performance X @ = VXU a
than ULDA and IDR/QR over a large range af Thus, the = VvxUTus " Wiy=vviy=y

D. Parameter selection for SRDA
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Model selection of SRDA on PIE (a, b), Isolet (c, d), MY (e, f) and 20Newsgroup (g h). The curve shows the test @ffGRDA with respect

to a/(1 + «). The other two lines show the test error of ULDA and IDR/QRisItlear that SRDA can achieve significantly better perforteathan ULDA
and IDR/QR over a large range of

By Theorem (2)a is the eigenvector of eigen-problem in Eqn.

(12).

APPENDIXB
PROOF OFCOROLLARY 4

Proof: Since them data points;’s are linearly indepen-
m — 1. Also we haveXe = 0.

dent, we haverank(X)

The space spanned by row vectors Xfis orthogonal toe
and have dimensiom — 1. Let us examine the — 1 vectors
Y, in Egn. (18). We havey, € R™ andyle = 0. Thus, all
¢ — 1 vectorsy, are in the space spanned by row vectors OP ]
X. By Theorem (3), alk — 1 corresponding, of SRDA are

eigenvectors of eigen-problem in Eqn. (12)aslecreases to

zero. They are

a

SRDA __

uvxtvly,.

Consider the eigenvectors Bf WV . Since the:—1 vectors

y, are also in the space spanned by column vector¥ of 10
eigenvectotb;, will be the solution of linear equations system

(1]

(2]

(3]

(4]

(6]

(7]
8l
El

Vb =Y,. The column vectors of are linearly independent, [11]

thusby, is unique and

bk- = VTyk.

Thus, the projective functions of LDA in Section Il

QU LDA —

Ux~'b, =Un"'Vly, =

aﬁRDA
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